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Friendly and hostile relations 
 distributed in a complete social network 

random configuration 

Who is my enemy?  Who is my friend? 
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FH, mathematician 

DPC, social psychologist 

Df: A graph is balanced  
if all its cycles are positive. 
 
Structure theorem: A graph is balanced 
 iff its points can be separated into two  
mutually exclusive subsets such that  
each positive line joins two points of the  
same subset and each negative line joins 
points from different subsets. 
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Dissonance about interpersonal relations is removed, if : 
- A friend of my friend is my friend 
- A friend of my enemy is my enemy 
- An enemy of my friend is my enemy 
- An enemy of my enemy is my friend 
 

balanced configuration 



States of relations modelled by: 
- heat bath simulation 
- synchronous cellular automata, local and global 
- sets of ordinary differential equations 
 
 
 

New results: 
 - critical temperature vs topology 
 - synchronous dynamics:  long cycles  
- relations between opinions  
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Dynamics of social balance on networks 
Phys. Rev. E 72 (2005) 036121  

Social balance on networks:  
The dynamics of friendship and enmity 
Physica D 224 (2006) 130 

Tibor Antal 

Paul Krapivsky  

Sidney Redner 
Kadanoff Prize 2021 8 

2 seminal papers: 



I. Local Triad Dynamics - sequential 

II. Constrained Triad Dynamics- sequential 

- select a link randomly, 
- change its sign, if the total number  
of imbalanced triads decreases. 

Examples of jammed states for N=9 - only positive links are shown. 9 



The process to reduce the cognitive dissonance  
could minimize a work function – a kind of energy 

ij jk ki
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U s s s
 

 

where      is the relation between k and i ,  
         friendly or hostile 

1kis  



F. Rabbani, A. Shirazi, G. Jafari, Phys. Rev. E 99 (2019), 062302  

initial  
paradise 

T > 0 

N=50  

a complete graph 



K. Malarz, K. K., Phys. Rev, E  103 (2021) 066301  

a complete graph 
 
 
(t) = fraction of positive links vs time 
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effective field acting at s(ij) 



K. Malarz, K. K.,  Phys. Rev, E  103 (2021) 066301 

a complete graph 



K. Malarz, K. K., Physica A 567 (2021) 125640  

The critical temperature  
as dependent  
on the interaction range r 
 and a thermal noise 
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triangular lattice –  
zero-energy domain wall 

K. Malarz, M. Wołoszyn, Chaos 30, 121103 (2020)  
K. Malarz, M. Wołoszyn, K.K., Physica D 411 (2020) 132506  

triangular lattice –  
  U/triad vs time 
(lower panel) 

Tc  0 



t=1 

t=9 

Local neighborhood: 
imbalanced steady 

configurations 

( 1) [ ( ) ( ) ( ) ( )]ij im mj in njs t sign s t s t s t s t  
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( 1) [ ( ) ( ) ( ) ( )]ij im mj in njs t sign s t s t s t s t  

K. Malarz,  
M. Wołoszyn, K.K.,  
Physica D 411 
 (2020) 132506  



complete graph, synchronous CA,  
global neighborhood 
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M. J. Krawczyk, K. K., Z. Burda,  
Towards the Heider balance  
-- a cellular automaton  
with a global neighborhood,  
arXiv:2105.04010  
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arXiv:2105.04010 

balanced 

jammed 

cycles 

cycle 
lengths 

N=11 
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PNAS 108 (2011) 1771 
Continuous-time model of structural balance 

Seth A.  
Marvel 

Jon  
Kleinberg 

Robert D.  
Kleinberg 

Steven H.  
Strogatz 
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K. K., P. Gawroński, P. Gronek, Int. J. Mod. Phys. C 16 (2005) 707;  
P. Gawroński., M. J. Krawczyk, K. K., Acta Phys. Pol. B 46 (2015) 911 

Generic solution  
is balanced 
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A M Belaza et al., PLOS One 12 (2017)   e0183696 



M. J. Krawczyk, K. K., Structural balance of opinions, in preparation 

How far is the final balanced state from the balanced state most close to the initial  one? 

N 
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Data collected by the National Opinion Research Center  in 44 American states  
in 1974-1988 [P. Brace et al., Amer. J. Political Science, 46 (2002) 173] 
 
1. Tolerance (more tolerance) 
2. Race (less racist) 
3. Abortion (more pro-choice) 
4. Religiosity (more religious) 
5. Homosexuality (more acceptant of homosexuality) 
6. Public feminism (more acceptant of women’s rights) 
7. Environment spending (support higher government spending  
      on the environment) 
8. Welfare spending (support higher government spending on welfare) 
9.     Death penalty (support for death penalty) 
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The data handling: 

 
sij(t=0)=r(i,j)  +                 => a balanced state 
 
        

Result -  portraits of voters: 
4,8 vs 1,2,3,5,6,7,9 
 =religiosity + welfare spending vs other issues 
 
is interpretable within  

the Comfort Hypothesis* by Earl Babbie: 
„Parishioners whose life situations most deprive them  
of satisfaction and fulfillment in the secular society 
turn to the church for comfort and substitute rewards.” 

* E. Babbie, The Practice of Social Research, 2007 
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Concluding, the following results have been highlighted: 
 
 -    role of topology and initial states,  
-     long limit cycles, 
-   a new application to social opinions 

 
and the related problems are: 
 
- why Tc=0 for triangular lattices? 
- what the long cycles mean? 
- what other applications? 
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( , ) - support for issue i in state s, averaged over years

( ) - support for issue i, averaged over states
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Example: God Money Sex 

Ohio 7 9 3 

Idaho 3 1 7 

Iowa 8 7 2 

Utah 2 3 8 

mean 5 5 5 

st. dev. 2,5 3 2.5 

 

 

1
( , ) [2 4 ( 2) ( 4) 3 2 3 ( 2)] 3,7

3 2,5

1
( , ) [2 ( 2) ( 2) 2 3 ( 3) 3 3] 4,2

2,5 2,5

r God Money

r God Sex
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